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Granular ﬂows in shear cells have been extensively studied using the Discrete Element
Method (DEM) over the last two decades. These studies have typically been performed
using the soft-sphere approach where deformation is assumed elastic and small relative
to the characteristic grain scale. Consequently internal stresses and strains are not able
to be modelled. As a ﬁrst step towards addressing these limitations, we introduce a variant
of DEM, the Distributed Contact DEM (DCDEM). This method models distributed normal
and frictional contacts. In this initial implementation plastic deformation is not simulated
and elastic deformation is simulated by permitting overlap as in traditional DEM. The
method is compared against traditional DEM for a normal and oblique impact and a gran-
ular shear cell in the small deformation limit.
 2010 Elsevier Inc. All rights reserved.1. Introduction
The Discrete Element Method (DEM) [1] is used extensively to model industrial and environmental granular ﬂows (see for
example [2–5]). These examples employ a ‘soft-sphere’ approach where grain overlaps are permitted and used in the contact
force calculation. In these approaches, the local deformation is assumed small and any geometric change in shape of the
grain does not need to be modelled. Typically elastic deformations must be restricted to 1.0% of a characteristic grain length
scale in order to satisfy this small deformation limit. Contact forces are most commonly calculated using the linear spring-
dashpot model [6] with non-linear variants implemented by among others Zhou et al. [7] and DiRenzo et al. [8].
There are many granular ﬂow problems we are motivated to model that traditional DEM cannot accurately model. An
example is in tablet compression [9] and metal compaction [10] under low pressures where the plastic deformation of indi-
vidual particles (powders) represents the most important mechanism of densiﬁcation. In these compaction applications
cumulative grain deformation occurs due to successive inelastic interactions with other grains. The resulting shape change
then alters further interactions. Traditional DEM assumes grain deformations are small and therefore does not incorporate
the effect of geometric shape changes on the contact forces. Another example application that traditional DEM cannot model
is in chemical mechanical polishing [11]. In this application the polishing pressure leads to plastic deformation of the surface.
This in turn changes the contact area between the surface and the abrasive grains leading to altered frictional and adhesive
forces. Similar issues arise in micro powder injection moulding [12] where the wear resistance of the mould inserts is impor-
tant and dependant on the plastic deformation of the mould surface as well as the powder in the feed. Traditional DEM can-
not capture such surface variations in the contact force calculations.
In this study we extend the DEM method to resolve the grain surface so that contact forces are calculated at discretised
points along the grain surface. The method will in future be extended to allow for the calculation of ﬁnite grain deformations. All rights reserved.
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S.J. Cummins, P.W. Cleary / Applied Mathematical Modelling 35 (2011) 1904–1914 1905(such that the geometry of the grain alters). The scope of this paper, however, will be restricted to comparing the method in
the low deformation limit where the traditional DEM approach is accurate.
Various numerical techniques have been extended to model contact between deformable bodies. In the ﬁnite element
method (FEM) [13,14], the contact constraint is formulated as a variational equation and solved using augmented Lagrangian
or penalty methods. Additional elements are inserted at the contact surface to model ﬁnite deformation. In the boundary
element method (BEM) [15,16], the boundary element equations are solved with a conforming discretisation of the surface
to simulate moving contact of elastic bodies. In the smoothed particle hydrodynamics method (SPH) [17,18] elasto-plastic
contact between spheres is modelled by solving a variational equation using a penalty method. Penetration between bodies
is checked by calculating a penetration rate and the contact force is applied based on this penetration rate. In the material
point method (MPM) [19] grains are modelled using a Lagrangian description in conjunction with an underlying Eulerian
grid to calculate interactions between them. Inter-granular contact is computed using an immersed boundary method which
prevents interpenetration but allows sliding and separation.
The Distributed Contact DEM (DCDEM) presented here has similarities to the BEM in that only the grain surface is discre-
tised (rather than the entire grain). Instead of solving the stress–strain equations at the discretisation points, a standard DEM
contact force model is applied between interacting points on different grains. A given point on a given grain then has force
contributions from nearby points on the other grain. In the following sections, the DCDEM method will be introduced and
compared to traditional DEM for a 2D elastic oblique impact problem and a 2D dense frictional granular ﬂow under shear.2. DEM method
In the DEMmethod grains are allowed to overlap, the amount of overlap, dx, normal vn and tangential vt relative velocities
determine the collisional forces. For an inelastic collision, a linear spring-dashpot model is used to provide the normal forceFn ¼ kndxþ 2cvn
ﬃﬃﬃﬃﬃﬃﬃ
mk
p
n: ð1ÞHere kn is the normal spring stiffness, m is the mass of the grain and the value of c is dependant on the desired value of the
normal coefﬁcient of restitution enc ¼  ln enﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
p2 þ ln2ðenÞ
q : ð2ÞThe tangential force is given byFt ¼ min lFn;
Z
ktv tdt þ 2cv t
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
mkt
p 
ð3Þwhere kt is the tangential spring stiffness and the Coulomb limit is applied with l being the dynamic friction coefﬁcient. The
ratio of normal to tangential spring stiffnesses is a function of Poisson’s ratio,kt
kn
¼ 2ð1 mÞð2 mÞ :In Eq. (1) dx is calculated using the known (unchanging) particle geometry and locations of the interacting grains.3. Distributed Contact DEM model
In DCDEM, pairs of interacting grains are ﬁrst located using the standard DEM search algorithm. For a given pair of inter-
acting grains, A, B we discretise the surface of each grain with a set of equi-spaced points. In this study, 2D simulations are
employed and the grains are assumed to be circular. After the discretisation, grain A now has Np equi-spaced points piA lo-
cated at rjA ¼ ðxiA; yiAÞ on its surface. Each of these points is separated by a segment length dsA. An analogous discretisation
occurs for grain B. Refer to Fig. 1. In this study we assume no change in connectivity of points on the grain.
For each point piA store a set of neighbouring points H
i
A. These neighbouring points are required in order to deﬁne a surface
normal at piA. For the 2D simulations in this study we chooseHiA ¼ ½pi1A ;piA;piþ1A :
Repeat this process for grain B.
Consider now calculating the distributed forces for grain A. For each point piA ﬁnd points p
j
B on grain B such thatdrijAB ¼ j~riA ~rjBj < dsA:
If this condition is true a contact calculation may need to be performed between points piA and p
j
B. Store all such p
j
B points in a
list LB. Refer to Fig. 2.
Fig. 1. Discretisation of the grain surface with Np points per grain.
Fig. 2. Checking for potential contacts between point piA on grain A and nearby points on grain B. In this ﬁgure p
i
A has two potential contacts on grain B,
LB ¼ ½pj1B ; pjB.
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i
A in order to calculate
contact forces. Rather than assuming knowledge of the surface shape in the region near piA we instead use the neighbouring
points of piA to calculate an approximate normal,~niA ¼
½ðy0ÞiA;1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðy02 ÞiA þ 1
q ð4Þwhere the gradient of the grain surface at piA isðy0ÞiA ¼
yiþ1A  yi1A
xiþ1A  xi1A
:For each point in LB, calculate the normal in a similar way to Eq. (4). For example, referring to the case in Fig. 2, LB ¼ ½pj1B ; pjB
therefore the following normals need to be calculated~nj1B ¼
½ðy0Þj1B ;1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðy02 Þj1B þ 1
q ~njB ¼ ½ðy
0ÞjB;1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðy02 ÞjB þ 1
q :For point piA we now have a list of potential contacting points associated with grain B stored in LB. For each of these potential
contacting points pmB in LB we know the position and the normal vector. We can then calculate the overlap between points p
i
A
and pmBdximAB ¼ ð~riA ~rmB Þ ~niA;
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m
BdyimAB ¼ ð~riA ~rmB Þ ~tiA:
The unit tangential vector at point piA is easily calculated as it is orthogonal to the unit normal vector in Eq. (4). Contact be-
tween piA and p
m
B will occur only when they are overlapping,dximAB > 0; ; ð5Þ
and when the tangential distance between the points is less than the segment length,dyimAB < dsA: ð6ÞIn Fig. 3 contact occurs between piA and p
j
B as these points are overlapping ðdximAB > 0Þ and the tangential distance between
these points is less than the segment length ðdyimAB < dsAÞ.
For all points pmB in LB with overlap dx
im
AB > 0 and tangential distance dy
im
AB < dsA calculate a contact force and moment at
point piA using~FiA ¼
P
m
~FimABaimABP
maimAB
MoiA ¼
P
mMo
im
ABaimABP
maimAB
: ð7ÞHere the weighting function aimAB is a function of the angle between the normals at piA and pmBaimAB ¼ j~niA ~nmB j; ð8Þso that points aligned along the normal at piA make a higher contribution to~F
i
AandMo
i
A. There will be at most three points p
m
B
contributing to the forces and moments at piA so the purpose of Eq. (6) is to weight those contributions appropriately. We
weight the contributions along the normal at piA. Further work will involve assessing the sensitivity of this weighting func-
tion. Note that as the resolution increases and segment length reduces, the contributing points pmB will be more closely
aligned with the normal at piA so we expect any variations in this weighting choice will reduce.
Fig. 4 shows the normal force contributions to point piA from points in LB ¼ ½pj1B ; pjB. These normal force contributions are
denoted as Fij1n;AB and F
ij
n;AB respectively. The contribution from p
j1
B is weighted by the scalar a
ij1
AB . The contribution from p
j
B is
weighted by the scalar aijAB. In this ﬁgure a
ij1
AB < a
ij
AB as j~niA ~nj1B j < j~niA ~njBj.
dximAB is an overlap measure at point p
i
A due to point p
m
B . We can deﬁne a overlap metric at point p
i
A using the weights from
Eq. (8)aiA ¼
X
B
X
m
aimABdx
im
AB: ð9ÞDropping the subscripts ‘AB’ for clarity, each force contribution ~Fimi is calculated using the DEM contact equations (Eqs. (1)
and (3))~Fim ¼ ðFimn ; Fimt Þ: ð10ÞFig. 3. Checking for collision between point piA on grain A and p
m
B on grain B. Contact will occur if dx
im
AB > 0 and dy
im
AB > ds.
Fig. 4. Normal force contributions to point pAi from nearby points p
j
B  1 and pjB .
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ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
mkn
p
: ð11ÞThe tangential force between points i and m is dependant on the relative tangential velocity and the Coloumb friction
limitFimt ¼ minðlFimn ;
Z
ktv imt dt þ 2cv imt
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
mkt
p
Þ: ð12ÞEach moment contribution is calculated using the tangential force Fimt and the grain radius R,Moim ¼ RFimt : ð13ÞWe repeat the same process to ﬁnd forces on all other points piA on grain A and repeat for all other points on grain B. We then
repeat for all other pair-wise grain interactions.
The forces on the grain vary along the grain surface, allowing for complex patterns of slip and no-slip as the Coulomb
friction limit is now applied for each pair-wise interaction (see Eq. (12)). With the current algorithm, point piA may be sliding
in one nearby interaction and loading in another nearby interaction. The resulting force at piA is currently just a weighted
average of these different phenomena (see Eq. (7)). Further investigations need to be performed into the tangential force cal-
culation, speciﬁcally into how these competing interactions are weighted.
As the overlap increases (and the contact area increases) the DCDEM and DEM methods will diverge. This difference oc-
curs because in two-dimensional DEM using linear springs, grains deform and contact along a line. Traditional DEM accounts
for this deformation so that the normal force is analytically correct. In DCDEM however, the surface force varies across a
curved contact area that does not (currently) deform. Therefore, the normal force in DCDEM will only be identical to tradi-
tional DEM when a single contact point occurs in the collision (this occurs when the overlap is very small). This rigid grain
assumption is a limitation of the current DCDEM method and will be addressed in further development.
To model the grains as rigid bodies, the points on grain A translate with a uniform grain velocity, vA and have a uniform
spinwA around the centre of the grain. This velocity is found by summing the forces~FiA on the points belonging to grain A and
dividing through by the grain mass mA~vAðt þ dtÞ ¼ ~vAðtÞ þ dtmA
XNp
i
~FiA:Similarly, the rigid spin is calculated by summing the moments MoiA on the points on grain A and dividing through by the
grain’s moment of inertia JA~wAðt þ dtÞ ¼ ~wAðtÞ þ dtJA
XNp
i
MoiA:
S.J. Cummins, P.W. Cleary / Applied Mathematical Modelling 35 (2011) 1904–1914 19094. 2D binary impact
For the ﬁrst comparison of DCDEM, we examine the two-dimensional frictional oblique impact of two elastic iron grains.
This problem has been studied extensively in the literature, see for example Wu [20], Thornton et al. [21] and Di Renzo et al.
[8]. Fig. 5 displays the conﬁguration. In this study l = 0.5, R = 50 mm.We study a normal impact, h = 0 and an oblique impact
h = 10. The iron points have an elastic modulus E = 70 GPa, a Poisson’s ratio m = 0.3 and a mass m = 4.0 kg.
In order to assess the nature of the contact interaction law in DCDEM we ran the normal impact simulations for various
spring stiffness values kn = 0.1 MN/m, 0.5 MN/m and 5.0 MN/m.
The time step is chosen such that the collision takes 200 time steps. The simulations were run for 0.008 s to model the
complete collision. In the DCDEM simulations Np = 150, 300, 600 and 900 was used to study the numerical convergence of
the method.4.1. Normal impact h = 0
We simulate a normal impact (h = 0) using traditional DEM and DCDEMwith spring stiffnesses kn = 0.1 MN/m, 0.5 MN/m
and 5.0 MN/m. We are interested in assessing the contact interaction law that results from using DCDEM and comparing it to
traditional DEM as the number of points in the DCDEM simulation increases. For a two-dimensional elastic normal impact,
traditional DEM (using linear springs) produces a linear law – the normal force varies linearly with grain overlap and the
gradient is the normal spring stiffness. We measured grain overlap usingdxAB ¼ ðXcomA  XcomBÞ  ðRA þ RBÞ
where XcomA is the x coordinate of the centre-of-mass position of grain A.
To calculate the average contact force on the grain in DCDEM, the normal and tangential forces are integrated along the
contacting surface area. In this implementation, we deﬁne the contacting surface area in DCDEM to be those points with a
non-zero overlap measure aiA (see Eq. (9)). Therefore the forces are weighted by aiA in the integration. The resulting volume
integral approximates the work done on grain A. This volume integral is then normalised to obtain the average contact force
per grain. For grain A the average contact force is~FA ¼ ðFnA; FtAÞ ¼
R
i
~FiAaiAdsAR
i a
i
AdsA
: ð14ÞIn the Hertz theory of a binary elastic interaction, Johnson [22] illustrates the contact area between the two elastic bodies is
smaller than that implied by a non-zero overlap between two rigid bodies. This is a consequence of the surface deformation,
deﬁned in Hertz theory using ideal assumptions such as small strains, elliptical, frictionless, non-conforming contact surfaces
and elastic half space bodies with known curvature. Accordingly the pressure at the contact surface is calculated to ensure
this (ideal) surface deformation is obtained throughout the collision. This means the effective spring stiffness increases with
the contact area and overlap which in turn limits the overlap. Therefore by increasing the spring stiffness with overlap, the
Hertz theory is able to account for an idealised surface deformation. In the current implementation of DCDEM, the contact
surface is deﬁned by a non-zero overlap between two rigid bodies but the surface deformation is not taken into account (no
adjustment is made to the spring stiffness during the collision). This means that the contact surface in DCDEM is larger thanFig. 5. Conﬁguration for the binary particle impact problem.
Fig. 6. Normal force versus grain overlap during the normal impact problem for DEM and DCDEM using kn = 0.1 MN/m.
Fig. 7. Normal force versus grain overlap during the normal impact problem for DEM and DCDEM using kn = 0.5 MN/m.
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and will be considered in future work.
DCDEM simulations using Np = 150, through to Np = 900 were run and the average normal force FnA and overlap dxAB mea-
sured for grain 2 (see Fig. 5). Figs. 6–8 show normal force versus overlap for spring stiffnesses kn = 0.1 MN/m, 0.5 MN/m and
5.0 MN/m compared against traditional DEM.Fig. 8. Normal force versus grain overlap during the normal impact problem for DEM and DCDEM using kn = 5 MN/m.
Fig. 9. Tangential force versus normal forces during the oblique impact problem for DEM and DCDEM using kn = 5 MN/m.
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DCDEM exhibits a linear law but produces a smaller spring stiffness. For kn = 0.1 MN/m, the reproduced spring stiffness is
15% smaller, for kn = 0.5 MN/m, the spring stiffness is 22% smaller and for kn = 5 MN/m, the spring stiffness is 20% smal-
ler. Small oscillations in the normal force are noted in the results for kn = 0.1 MN/m and 0.5 MN/m using Np = 600 and 900.
These oscillations occur when the overlaps are largest and are due to additional contact points intermittently entering and
leaving the weighting function in Eq. (9). For kn = 0.1 MN/m and 0.5 MN/m overlaps of the order of 15% and 7% respectively of
the grain radius occur. Even for these artiﬁcially soft springs, the DCDEM contact law is still linear. The discrepancy in the
spring stiffness occurs because the contacting surface deviates from linear in DCDEM. In DCDEM, the contacting surface is
deﬁned by a non-zero overlap between rigid grains; because this surface deviates from linear, points near the edge of the
overlapping area have too small a force. Hence the calculated spring stiffness is smaller.
4.2. Oblique impact h = 10
We next examined a frictional oblique impact using a normal spring stiffness kn = 5 MN/m. The obliquity leads to both
normal and tangential forces during the collision. Fig. 9 shows plots of the normal force versus tangential force using the
DEM and DCDEM methods for grain 2 in Fig. 5. Results are shown for Np = 150 through to Np = 900 points. An analogous plot
can be produced for grain 1.
Referring to the traditional DEM result in Fig. 9, grain 2 ﬁrst begins with the normal and tangential springs loading. When
the normal force increases to Fn  4000 N and the tangential force to Ft  450 N, the tangential spring unloads. The normal
spring continues to load until Fn  4500 N at which point the normal spring unloads. During the unloading phase, the normal
force decreases and the tangential force changes sign. When the normal force reduces to Fn  1000 N, the Coulomb limit is
satisﬁed and sliding occurs during the remainder of the collision. The collision can therefore be characterised as having an
initial loading phase, an unloading phase and a ﬁnal sliding phase.
Fig. 9 shows that as the number of points increase the DCDEM results do not converge toward the traditional DEM results
for this particular spring stiffness. For all resolutions, the maximum normal force is 20% less than traditional DEM, this is
consistent with the results noted in the normal impact problem. All resolutions show the initial sliding phase ﬁnishes sooner
and the ﬁnal sliding phase starts later in DCDEM. This suggests that the effective tangential spring stiffness in DCDEM is
smaller than in DEM. (This is not surprising given the effective normal spring stiffness is less in DCDEM). In the unloading
and loading phase, oscillations occur in the tangential and normal forces. These oscillations are due to points entering and
leaving the weighting function in Eq. (9). These changing points in the weighting function cause oscillations in the normal
force and in the tangential force as complex patterns of loading, unloading and sliding occur in the tangential direction. With
the current algorithm, a point piA may cause the spring associated with one neighbour to unload while simultaneously caus-
ing the spring associated with a different neighbour to load. Or, point piA may be sliding in one nearby interaction and loading
in another nearby interaction (see Eq. (12)). The resulting force at piA is a weighted average of these different phenomena.5. 2D shear cell
Granular shear ﬂows have been well investigated with studies on the effect of boundary conditions [23,24], particle size
and shape [25]. For the next veriﬁcation, we simulate such an inelastic granular shear ﬂow using both DEM and DCDEM,
using a coefﬁcient of restitution en = 0.8 and friction coefﬁcient l = 0.5. The desired value of en = 0.8 is substituted into Eq.
(2) to get the resulting dashpot coefﬁcient c. A spring stiffness of kn = 0.5 MN/m is used. Given the results from Sections
Fig. 10. Conﬁguration for the 2D shear cell problem.
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We are motivated then to compare how such differences inﬂuence the ﬂow characteristics in the shear cell.
Fig. 10 shows the computational conﬁguration. The shear cell is a unit square with top and bottom walls moving at
v = 0.5 m/s and v = 0.5 m/s respectively. Periodic boundaries are applied at the left and right edges. A grain radius
R = 0.02 m is used and an initial volume fraction Vf = 0.5 is chosen (which has 357 grains). In the DCDEM simulation
Np = 90 is used. The time step was chosen such that a minimum of 15 time steps are used to resolve each collision. Each point
has an elastic modulus E = 70 GPa, a Poisson’s ratio m = 0.3 and a density q = 1000 kg/m3.
The simulation was run until a steady state was reached at time t = 1000 s. Fig. 11 shows the grain distribution coloured
by stream-wise velocity at t = 1000 s for DCDEM (Fig. 11a) and DEM (Fig. 11b).
Fig. 12 shows the average ﬂow characteristics at t = 1000 s for DCDEM (Fig. 12a) and DEM (Fig. 12b). The characteristics
are averaged spatially [25]. Stream-wise velocity (Vx), granular temperature, volume fraction and spin are shown for both
methods. As expected the ﬂow characteristics differ between the two methods. Use DCDEM causes larger stream-wise veloc-
ities, granular temperatures and spins and smaller volume fractions near the walls.
These results highlight that DCDEM cannot be used with an artiﬁcially soft spring when the grains are assumed rigid. The
contacting surface deviates signiﬁcantly from the linear surface in traditional DEM which changes the collisional forces and
dynamics producing the differences seen in the shear cell. At this spring stiffness it is imperative to model grain deformation
with DCDEM.
Issues of scalability of DCDEM in larger problems will be assessed and addressed in further work. However, we envisage
the DCDEM method being incorporated in a multi-scale DEM implementation, whereby only contacting grains would be(a) DCDEM (b) DEM 
Fig. 11. Grain positions in the shear cell at time t = 1000 s for (a) DCDEM and (b) DEM.
Fig. 12. Flow characteristics of the shear cell at time t = 1000 s for (a) DCDEM and (b) DEM.
S.J. Cummins, P.W. Cleary / Applied Mathematical Modelling 35 (2011) 1904–1914 1913discretised. In this way the size of the problem would depend on the number of collisions occurring at a given time rather
than the total number of grains.6. Conclusion
The DCDEM method is an extension of the traditional DEM method involving calculation of contact forces at discretised
points along the surface of a grain. By resolving the grain surface, the method has the potential to model surface force var-
iation during the collision. A current limitation of the method is that grain deformation is not simulated. This has meant that
veriﬁcation of DCDEM is currently restricted to comparisons against traditional DEM for stiff springs where the contact area
is small. This study has shown that the use of artiﬁcially soft springs with rigid grains produce curved contact areas in
DCDEM. These contacting surfaces are larger than that found in traditional DEM as they are deﬁned by non-zero overlap be-
tween non-deforming grains. For artiﬁcially soft springs, the contact law in DCDEM is linear with an effective spring stiffness
smaller than that predicted by theory and traditional DEM. Oscillations were noted in the tangential force calculation. Fur-
ther testing of the normal and tangential force calculation needs to occur to ascertain if it is the nature of the contact area
which alters the collisional forces and grain dynamics and/or an algorithmic issue associated with how the forces are calcu-
lated at each contact point.
1914 S.J. Cummins, P.W. Cleary / Applied Mathematical Modelling 35 (2011) 1904–1914Combining the DCDEM method with grain deformation is the next developmental step. This will allow for the modelling
of inter-granular collisions undergoing plastic deformation, broadening the range of granular ﬂow problems that can be sim-
ulated as well as allowing for further validation.
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